Let ∆ be a connected, pure 2-dimensional simplicial complex embedded in R 2 and let C r (∆) be the homogenized spline module of ∆ with smoothness r as in [7] . To study C r (∆), Schenck and Stillman developed in [7] the spline complex S • /J • . In [8] , Schenck and Stiller conjectured that the regularity of H 1 (S • /J • ) is less than 2r +1. In this article, we first consider the case when ∆ has only one totally interior edge, because it is the simplest non-trivial case. Then we may apply the formula we find here to get an upper bound on some more general cases.
Introduction

Spline modules
Let ∆ be a connected, pure 2-dimensional simplicial complex embedded in R 2 . Throughout this article, we assume that the genus of ∆ is 0. Let r ≥ 0 be an integer. We define C r (∆) to be the set of C r -differentiable piecewise polynomial functions on ∆. These functions are called splines. More explicitly:
Definition. C r (∆) is the set of functions f : ∆ → R such that:
1. For all facets σ ∈ ∆, f | σ is a polynomial in R[x, y].
2. f is differentiable of order r. It is a finite dimensional R-vector space. One of the key problems in spline theory is the determination of the dimensions of C r d (∆) for all d. Assume that S = R[x, y, z]. Let∆ be the cone of ∆, i.e., embed ∆ in R 3 by sending (x, y) to (x, y, 1) and define∆ to be the cone of ∆ over the origin of R 3 . Then C r (∆), the so-called homogenized spline module of ∆, is a graded S-module and dim
, where HF stands for the Hilbert function of a graded S-module.
The homological algebra tools
Billera introduced the use of homological algebra in spline theory in [3] . Following this path, Schenck and Stillman [7] defined a chain complex J • to deal with the problem of freeness of C r (∆). Consider S • as the relative simplicial complex C • (∆, ∂∆) with coefficients in S. Denote by lτ a linear form vanishing onτ ∈ ∆ 1 . The authors of [7] define the ideal complex J • to be
where 
In particular, since we know that the length of
More precisely, we ask for an estimate for the Castelnuovo-Mumford regularity of
Definition (Castelnuovo-Mumford regularity). Assume M is an S-module of finite length. Then the Castelnuovo-Mumford regularity may be defined as
1.3 Known upper bounds and the "2r + 1" conjecture on regularity of H 0 (J • )
In [1] , Alfeld and Schumaker show that the regularity of H 1 (S • /J • ) is less than 4r + 1. They improve the result to 3r + 1 in a later paper [2] . Schenck and Stiller conjectured in [8] :
They call it the "2r + 1" conjecture, because there is an equivalent statement saying that H 1 (S • /J • ) vanishes at degrees greater than or equal to 2r+1. Work of Tohaneanu [10] shows that this guess is optimal by finding a ∆ such that reg
Note that in our case, the genus of ∆ is 0, it is always true that
In order to state our results, first we need to introduce some notions. We call an edge ε = [v 1 v 2 ] totally interior edge if both v 1 and v 2 are interior vertices of ∆. If either v 1 or v 2 is interior but not both, then we call ε a paritial interior edge. We also adopt the notations from [8] : For an interior vertex v ∈ ∆ With these notations, the main theorem of this article may be state as following:
As applications, we also show that Theorem 2. Let ∆ be a simplicial complex with genus 0. If ∆ has only one totally interior edge, then reg H 0 (J • ) ≤ 2r.
and
Proof of the main theorem
Without loss of generality, we only need to consider the case when ∆ is indecomposable, that is, when the first differential map ∂ 1 of S • ∂ 1 :
is indecomposable. This is because if ∆ is decomposable, we may just consider all its indecomposable components. From now on, if not otherwise claim, we will assume all ∆ we consider is indecomposable.
Results on ∆ = star(v)
If there is only one interior vertex v in ∆, we will say ∆ is a star of v and denote ∆ = star(v). After a change of coordinates, we may move v to the origin. Then J(v) is an ideal in 2 variables, and since each vertex we have at least two edges with different slopes, so S/J(v) has projective dimension 2. In [9] , Schmaker gave a dimension formula for the star, from which it follows that Theorem 4 (Schumaker). A free resolution of S/J(v) is given by
A presentation of
be free resolutions of ⊕J(τ ) and ⊕J(v), respectively. Then the map ∂ : ⊕J(τ ) → ⊕J(v) induces a map between their free resolutions:
The mapping cone
If there is only one total interior edge ε = [v 1 v 2 ] in ∆, then v 1 and v 2 are the only interior vertices in ∆. To simplify the notation, we assume the number of distinct slopes k(v 1 ) = a, k(v 2 ) = b and a ≤ b in this case.
Proof. By choosing coordinates, we may assume that
hence
Therefore, coker(P 1 → P 0 ) is isomorphic of the cokernel of
The image of (g aj ) 1≤j≤a−1 is J (v 1 ) : J(ε) and that of (
Definition (Initial ideal). After choosing a monomial order of the ring R[x, y, z], we denote by in(g) the leading term of a polynomial g. The initial ideal of I is defined as
The initial ideal has many good properties. It is a monomial ideal with the same Hilbert function as that of I. 
where we can always choose α 0 = β 0 = 0. Take the monomial order x > y > z. Then
Proof. In fact
. . .
. . . This proves (12). Following Gruson and Peskine's convention [5] , we denote Denote J (v 1 ) : J(ε) and J (v 2 ) : J(ε) by Q(v 1 ) and Q(v 2 ), respectively. Now let g ∈ Q(v 1 ) and h ∈ Q(v 2 ) be homogeneous elements, then g is in x and z and h is in y and z. So gcd(f, g) = gcd(In(f ), Ing), and hence gcd(In g gcd(g, h)
, In h gcd(g, h) ) = 1. 
